Abstract-It is a challenge to estimate expected benefits from recommender systems based on association rule mining. This paper aims to address this challenge and presents a study of buying preferences of a sample of retail customers. It reveals a monotonic, non-linear relationship between the expected profits (as a function of information loss) and minimum support threshold levels, when considering transactions for a recommender system based on association rules. This finding is significant for recommender systems that utilize potential profits as a decisionmaking criterion.
I. INTRODUCTION
Association mining is one of the popular data mining methodologies used in practice [1] - [8] , especially in constructing and implementing recommender systems. In retail and merchandising, it is used to identify rules or relationships between products and then make recommendations for new products to consumers based on the products that they have previously selected. Such recommender systems can thus be viewed as informal "word-of-mouth" systems that are adjusted by consumer profiles, behaviors, and matrices decided by its owner [9] - [11] . A well-known example of such a system is one employed by the online retailer Amazon and recommendations are exposed to users under the header "Customers Who Bought This Item Also Bought". Offline retailers can also employ association mining for developing rules and policies that can increase sales and profits [12] - [14] such as decisions on shelf layout, bundles or last minute offerings near the cashiers can be made based on items which are bought together frequently, such as peanut butter and grape jelly [15] , can be found as neighboring items on the shelves because they complement each other.
Despite the vast literature on association mining and recommender systems [1] , [2] , [16] - [21] , we found a lack in research efforts to quantify the effects of information loss when varying minimum support thresholds. To illustrate the significance of this issue, consider the association graph given in Figure 1 . The association graph uses results calculated for the dataset presented in Ertek, Demiriz and Cakmak [23] and is constructed using a visualization scheme introduced in [22] and improved in [23] . The software tool used is AssocMiner [25] . In Figure 1 , the graph visualizes the results where the minimum support value is set to minsup = 0.01. Now, also consider Figure 2 where the minimum support value is set to minsup = 0.02. It is easy to observe that the number of connected nodes (items and itemsets) and arcs (frequent itemset relations) becomes less, and thus it can also be expected that any profit estimate derived from the considered nodes and arcs in both graphs would give different results. Therefore, it is a challenge to strike a balance between minimum support threshold levels and computational time needed to yield a best recommendation for a user.
In this paper, we present a mathematical model to address the challenge of estimation of expected profits. Then we present the outcomes of the estimation against varying levels of minimum support thresholds.
II. BACKGROUND
When developing recommender systems, a common problem that arises would be finding the "balance" in the tradeoff between minimum support threshold levels and the computational time needed to yield the best recommendation for a user. Using a minsup = 0 value allows for a scenario of complete information in which all items and itemsets in the dataset are considered amounting to a need to make many evaluations before a recommendation can be computed. In practice, minsup > 0 values are often used as a compromise to reduce computational time. The obvious drawback is therefore that incomplete information is used to make a recommendation. However, using incomplete information is not necessarily a bad thing as it allows the recommender system to neglect the many rare-occurrence transactions that exist in the long tail of demand and revenue [26] .
III. MATHEMATICAL MODEL
In order to evaluate the effects of varying minsup values and expected profits, we first develop a mathematical model to compute the case of minsup = 0 (Case A) and when minsup > 0 (Case B). Note that the estimations in both cases are for the profits before any recommendations are made. That is, the formulas do not account for the possible additional sales due to recommendations of a recommender system.
A. Sets
Let N be a set of items, where N = {1, · · · , N}. The index used is n = 1, · · · , N, where n is integer. Let M be a subset of N .
B. Parameters
Let P (n) or P n denote the probability of the customer buying item n only, without buying any other items. Let P (M) or P M denote the probability of buying only the items n ∈ M in an itemset M ⊆ N , but no other items. From basic probability theory
Let S(n) or S n denote the support, i.e., probability of the customer buying item n, possibly also buying other items. Let S(M) or S M denote the support of the itemset M, i.e., the probability that the items n ∈ M in the itemset M ⊆ N are bought, possibly with other items.
The relation between the probabilities and support values can be expressed as follows:
where the support value of an itemset is equal to the summation of the probability values of all the supersets of that itemset.
Let γ(n) or γ n denote the profit from selling one unit of item n to the customer.
C. Assumptions
An important assumption made is that each customer will only choose one unit of item in a transaction, allowing us to perform binary association mining. For the dataset in Ertek, Demiriz and Cakmak [23] , [24] this is valid as the customers are making the transactions for personal consumption. In such an arrangement, purchasing more than one unit would not be meaningful. In more extreme examples, such as in the purchase of digital audio or videos, online retailers could also restrict the ability to buy multiple units of the same item.
D. Expected Profit for Case A
Let the expected profit per customer be E A (P, γ), when the minimum support threshold minsup is set equal to 0. If we had only N = 2 items, the expected profit would be
If we had N = 3 items, the expected profit would be
+ γ 3 P {3} + P {1,3} + P {2,3} + P {1,2,3} .
By using (1),
In the general case N items, we would have
where M satisfies the condition C 1,m :
E. Expected Profit for Case B
When the minimum support threshold is set to a positive value minsup > 0, the expression will be very similar, except for the condition under the second summation. The condition will change to C 2,m to now include only the probabilities and joint probabilities whereby their respective support are greater than or equal to minsup. More formally presented, the expected profit per customer E B (P, γ), when the minimum support threshold minsup is positive, is given as where M satisfies the condition C 2,m :
Since some of the subsets M are eliminated in
F. Estimation Error for the Profit Function
The estimation error is introduced when a minimum support threshold can be found through evaluating the profit ratio
where 0 ≤ ρ ≤ 1, and ρ < 1 if the profit is underestimated in recommender systems.
IV. NUMERICAL EXAMPLE
Consider the numerical example given in Figure 3 . The numerical example is a subset of the data from Ertek, Demiriz and Cakmak [23] . Assume that this is a data instance with N = 3 (Item 3, Item 49, Item 52), the support is adjusted using (1) . The Venn diagram that shows the probabilities is also provided in Figure 4 . Let us assume that we run association mining for this data with minsup = 0.015.
The profit values under Case A and Case B are
+ γ 49 P {49} + P {3,49} + P {49,52} + P {3,49,52} Notice that the computation of E B is based on the probabilities P {3} , P {52} and P {3,52} .
In this case, the profit is underestimated by about 58%.
V. CASE STUDY
The dataset in Ertek, Demiriz and Cakmak [23] , [24] is a case study of the global hot drinks industry which grew 4.6% to reach a value of USD$ 94 billion USD in 2012 [27] . The dataset contains the personal attributes and purchasing preferences of 644 Turkish customers if given a purchase budget of 15 TL (approximately USD$ 8 at the time of the survey). In this study, we treat the purchasing preferences information as purchase transactions.
After running the dataset through AssocMiner [25] , we found 52 unique items and a total of 659 transactions or itemsets with nonzero support values. The largest support value for an item was found to be at 0.118 and the smallest at 0.005. The profits for each transaction were then computed via a spreadsheet using real prices of the items (in TL, as of 2009) and assuming a profit margin of 15%, a value that was derived by averaging the profit margins of Starbucks globally [28] and in China [29] . The dataset was then evaluated in 60 scenarios of varying minsup values (0.0020 ≤ minsup ≤ 0.1200) and the computational results plotted in Figure 5 .
In Figure 5 , we can observe that the decrease of ρ is monotonic and non-linear. It also can be understood that increasing the minsup thresholds would increase the underestimation of profit function. Another important observation is also that the profit ratio decreases significantly even at very low minsup thresholds, suggesting that it is necessary to set the minsup to very low values to be able to obtain an accurate estimation for the expected profit.
The transaction data, the assumed item prices and profit margin, and the results of the analysis are shared online as a reference dataset for future research in this field [24] .
VI. CONCLUSIONS
In this paper, we looked into the issue of profit estimation error due to information loss in recommender systems based on association mining. We investigated this by analyzing two cases: Case A where minsup = 0 (complete information) and Case B where minsup > 0 (incomplete information). The developed concepts and formulas are illustrated with a numerical example, and applied to real world data. We find that there is a monotonic, non-linear relationship between the expected profits (as a function of information loss) and support threshold levels.
As a final word, we would like to once again draw attention to the importance of accurate estimation of the profit function in recommender systems. This issue is highly relevant and important in recommender system projects, which are increasing in number and scope in today's data and information driven world.
